This paper presents some experimental results on actuator fault-tolerant control (FTC) for a quadrotor Unmanned Aerial Vehicle (UAV) system. The strategy is based on Model Reference Adaptive Control (MRAC) where three different MRAC techniques are implemented and compared with a Linear Quadratic Regulator (LQR) baseline controller, namely the MIT rule MRAC, the Conventional MRAC (C-MRAC) and the Modified MRAC (M-MRAC). The main advantage of the MRAC strategy is that it does not require an explicit information about the fault location and/or amplitude and thus, a fault detection and diagnosis module is not needed to detect, isolate and identify the occurred faults. The performance of this MRAC-based FTC is tested in the presence of three types of actuator faults: loss of effectiveness in the total thrust, loss of effectiveness in one of the rotors and partial damage of one propeller.
I. Introduction
Malfunctions in actuators, sensors or other system components may result in unsatisfactory performance, instability or even disastrous consequences. This is particularly the case for safety critical systems, such as aircraft, spacecraft, nuclear power plants, and chemical plants processing hazardous materials where component faults can be catastrophic. Fault-tolerant control (FTC) systems aim to overcome such weaknesses by tolerating component malfunctions whilst maintaining desirable stability and performance properties. FTC systems can be classified into passive (PFTC) and active (AFTC) systems. In PFTC systems, controllers are fixed and are designed to be robust against a class of presumed faults.
1 This approach needs neither fault detection and identification schemes nor controller reconfiguration, but it has limited fault-tolerant capabilities. On the other hand, AFTC systems (also referred to as self-repairing, reconfigurable, restructurable or self-designing) react to the system component failures actively by reconfiguring control actions so that the stability and acceptable performance of the entire system can be maintained. 2, 3 For an overall picture of the FTC approaches and their application fields, the readers can refer to the bibliographical review of Zhang and Jiang 4 and the references therein. This work considers the AFTC problem for the quadrotor Unmanned Aerial Vehicle (UAV) system. Few works in the literature consider this problem: for example, a PFTC is proposed for the quadrotor by using the backstepping control approach 5 and a gain scheduling based PID controller is designed where a decision variable associated with a fault detection and isolation module switches between pre-tuned PID controllers according to the fault type and amplitude. 6 Another approach proposes a multi-observer switching strategy 7 where a set of nonlinear observers is implemented to estimate the attitude of the quadrotor. The attitude estimate that exhibits the smallest error is selected to feed the controller which allows accommodating for potential faults of the Inertial Measurement Unit (IMU). A state estimator is also used to detect actuator faults and to reconfigure the sliding mode controller to maintain the system's performance. 8 Unlike the aforementioned works, very few provide experimental results: in the work of Dydek et al.,
9 the authors consider a comparison on the performance of linear, model reference adaptive control (MRAC), and combined/composite MRAC approaches in response to a simulated failure scenario.
This work presents some experimental results on AFTC design for a quadrotor UAV system in the presence of actuator faults. The strategy uses the MRAC approach where three different MRAC techniques are implemented and compared to a Linear Quadratic Regulator (LQR) baseline controller, namely the MIT rule MRAC, the Conventional MRAC (C-MRAC) and the Modified MRAC (M-MRAC). The main advantage of the MRAC strategy is that it is an AFTC approach that does not require an explicit fault detection and diagnosis module. Thus, MRAC makes it faster to respond to faults as it does not need to wait for the information about the type and the amplitude of an occurring fault. This is crucial especially in fast and unstable systems such as the quadrotor system. The performance of this FTC strategy is evaluated in three fault scenarios: loss of effectiveness in the total thrust, loss of effectiveness in one of the four rotors and partial damage of one propeller.
II. System Description
The quadrotor UAV of the Department of Mechanical and Industrial Engineering of Concordia University is the Qball-X4 test-bed ( Figure 1 The quadrotor UAV is enclosed within a protective carbon fiber cage (therefore a name of Qball-X4) to ensure safe operation. It uses four 10-inch propellers and standard RC motors and speed controllers. It is equipped with the Quanser Embedded Control Module (QECM), which is comprised of a Quanser HiQ Aero data acquisition card and a QuaRC-powered Gumstix embedded computer. The Quanser HiQ provides high-resolution accelerometer, gyroscope, and magnetometer IMU sensors as well as servo outputs to drive the motors. The on-board Gumstix computer runs QuaRC (Quanser's realtime control software), which allows to rapidly develop and deploy controllers designed in MATLAB/Simulink environment. The controllers run on-board the vehicle itself and runtime sensors measurement, data logging and parameter tuning is supported between the host PC and the target vehicle. The system's block diagram is illustrated in Figure 2 . It is composed of three main parts:
• The first part represents the Electronic Speed Controllers (ESCs) + the motors + the propellers. 
T generated by the motors. The range of PWM values is 0.05 to 0.10 where 0.05 corresponds to zero thrust and 0.10 corresponds to full thrust.
• The second part is the geometry that relates the generated thrusts to the applied force and torques to the system. This geometry corresponds to the position and orientation of the motors with respect to the system's center of mass.
• The last part is the dynamics that relate the applied force and torques to the position (P), velocity (V) and acceleration (A) of the Qball.
The subsequent sections describe the corresponding mathematical model for each of the blocks of Figure  2 .
A. ESC + Motor + Propeller
The motors of the Qball are out-runner brush-less motors. The generated thrust T i of the i th motor is related to the i th PWM input u i by a first-order linear transfer function:
where K is a positive gain and ω is the motor bandwidth. K and ω are theoretically the same for the four motors. 
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B. Geometry
A schematic representation of the Qball is given in Figure 3 . The tail of the Qball is marked with a yellow tape. The motors and propellers are configured so that the back and front (1 and 2) motors spin clockwise and the left and right (3 and 4) spin counter-clockwise. Each motor is located at a distance L from the center of mass o and when spinning, a motor produces a torque τ i . The origin of the body-fixed frame is the system's center of mass o with the x-axis pointing from back to front and the y-axis pointing from right to left. The thrust T i generated by the i th motor is always pointing upward in the z-direction in parallel to the motor's rotation axis. The thrusts T i and the torques τ i result in a force in the z-direction (body-fixed frame) and torques about the x, y and z axis. The relation between the force/torques and the thrusts is: The torque τ i produced by the i th motor is directly related to the PWM signal u i via the relation of τ i = K ψ u i with K ψ as a constant. Thus, (2) reads:
u z is the total force applied to the quadrotor UAV in the z-direction (body-fixed frame). τ θ , τ φ and τ ψ are respectively the applied torques in θ, φ and ψ directions (see Figure 3) . L is the distance from the center of mass to each motor.
C. Dynamics
A commonly employed quadrotor UAV model 10 is:
where x, y and z are the coordinates of the quadrotor UAV center of mass in the earth-frame. θ, φ and ψ are the pitch, roll and yaw Euler angles respectively. m is the mass and J i (i = 1, 2, 3) are the moments of inertia along y, x and z directions respectively. A simplified linear model can be obtained by assuming hovering conditions (u z ≈ mg in the x and y directions), no yawing (ψ = 0) and small roll and pitch angles:
An LQR controller is designed for the system above to be used as the nominal baseline control law in the MRAC-based FTC strategy.
III. Model Reference Adaptive Control
Many adaptive control techniques for preserving stability have been proposed to deal with disturbances, unmodeled dynamics and time delays. Particularly, the concept of model reference adaptive control (MRAC) has gained significant attention and is now part of many standard textbooks on nonlinear and adaptive control. Two basic approaches for MRAC can be distinguished: the direct and the indirect approaches. In the direct method, the controller parameters are adjusted based on the error between the reference model describing the desired dynamics and the closed-loop dynamics of the physical plant. In the indirect approach, the parameters of the plant are estimated by updating them based on the identification error between the measured states and those provided by the estimation model. In this work, three MRAC techniques are implemented and applied to the Qball-X4, namely the MIT rule based MRAC, the conventional MRAC and the modified MRAC.
A. MIT rule
This MRAC approach has been developed around 1960 at the Massachusetts Institute of Technology (MIT) for aerospace applications.
11 For illustration, consider the plant:
where a 1 , a 2 and b are the unknown plant parameters. The reference model to be matched by the closed loop plant is:
where r(t) is the reference command and a mi (i = 1, 2, 3) and b m are constant and are chosen according to performance specifications. Let the control input u(t) be defined as follows:
By replacing (8) in (6) and differentiating with respect to time, one obtains:
It is obvious that one can achieve perfect model following if k 1 , k 2 and k 3 are chosen such that:
The control signal given by (8) cannot be implemented since the system parameters a 1 , a 2 and b are assumed to be unknown. Nevertheless, one can use the following:
wherek i are the estimates of k i and are updated according to the MIT rule. The objective of the MIT rule is to adjust the parameters k 1 , k 2 and k 3 so as to minimize a cost function J. This cost function can be chosen for example as follows:
where e is the tracking error between the system and the reference model, i.e. e = y − y m . It is reasonable to adjust the parameters in the direction of the negative gradient of J:
where γ > 0 is the adaptation rate. ∂e/∂k i is called the sensitivity derivative of the system and is evaluated under the assumption thatk i varies slowly. To calculate ∂y/∂k i in (13) 
With the assumption that the rate of adaptation is slow, i.e.k i are small and the changes of y (3) ,ÿ and y with respect tok 1 ,k 2 andk 3 are also small, one can interchange the order of differentiation to obtain:
These latter equations can be written as:
where p is the differential operator. Because a 1 , a 2 and b are unknown, the above sensitivity functions cannot be used. Using the MIT rule, we replace a 1 , a 2 and b with their estimatesâ 1 ,â 2 andb in the matching condition (10), i.e. we relate the estimatesâ 1 ,â 2 andb withk 1 ,k 2 andk 3 usinĝ
and obtain the approximate sensitivity functions:
Finally, the adaptation ofk 1 ,k 2 andk 3 is:
where the unknow parameter b in the numerator is absorbed by the gainsk i . The equations given by (18) are known as the sensitivity filters or models, and can be easily implemented to generate the approximate sensitivity functions for the adaptive law (19). It should be noted that the MRAC based on the MIT rule is locally stable provided the adaptive gain γ is small, the reference input signal r has a small amplitude and sufficient number of frequencies, and the initial conditionsk i (0) are close to the nominal values of k i . For large γ andk i (0) away from the nominal values of k i , the MIT rule may lead to instability and unbounded signal response.
B. Conventional MRAC
Consider a multi-input multi-output uncertain linear system:
where x ∈ n and u ∈ p are the state and the control input of the system respectively. f (t) ∈ p is a bounded and piece-wise continuous external disturbance. A ∈ n×n and B ∈ n×p are unknown constant matrices satisfying the following matching conditions. Assumption 1 Given a Hurwitz matrix A m ∈ n×n and a matrix B m ∈ n×p of full column rank, there exists a matrix K 1 ∈ p×n and a sign definite matrix Λ ∈ p×p such that the following equations hold
The sign definiteness of Λ corresponds to the conventional sign condition of the high frequency gain matrix of MIMO systems. Without loss of generality, we assume that Λ is positive definite. The rest of the conditions for the existence of an adaptive controller are given by (21).
The control objective is to design a control signal u(t) such that the system tracks the reference model:
A m and B m are chosen according to performance specifications and satisfy Assumption 1 and r(t) is a bounded and smooth external reference command. The matrix N = − CA 
where K 2 = Λ −1 N . Hence, choosing the control input u(t) as:
translates the system (20) into the reference model (22). The reference model (22) can always be specified from the performance perspective, however the control signal (24) cannot be implemented since the matrices K 1 and K 2 and the vector-function f (t) are assumed to be unknown. Thus, the adaptive control is designed according to the MRAC architecture as:
whereK 1 (t) andK 2 (t) are the estimates of the ideal control gains K 1 and K 2 , andf (t) is the estimate of a constant vectorf that can be referred to as an average value of f (t). These estimates are updated online according to robust adaptive laws:
where γ > 0 is the adaptation rate, P = P T > 0 is the solution of the Lyapunov equation:
for some Q = Q T > 0. The terms Ψ 1 , Ψ 2 and Ψ 3 represent the robust modifications such as σ-modification, e-modification, projection operator or dead-zone modification.
12 Here e(t) = x(t) − x m (t) is the tracking error between the system and the reference model.
C. Modified MRAC
The Modified MRAC (M-MRAC) is proposed by Stepanyan and Krinshnakumar. 12, 13 This approach is motivated by the fact that the initial large error in the control gains generates large transient excursions both in system's control and output signals. Therefore, driving the reference model toward the system proportional to the tracking error prevents the system's attempt to aggressively maneuver toward the reference model. In this case, the modified reference model is defined as follows:
where λ > 0 is a design parameter that specifies the tracking error feedback into the reference model. As the tracking error approaches zero, the reference model (28) approaches its original form, which is called an ideal reference model:ẋ
The control input u as well as the adaptive laws forK 1 ,K 2 andf are the same as in the previous section. It has been shown that the error feedback term λ(x(t) − x m (t)) determines the damping in the control signal. Increasing this term makes it possible to increase the learning rate for better transient performance without generating high frequency oscillations in the adaptive system.
IV. Experimental Results
The three MRAC techniques described above were implemented on the Qball-X4 of the Networked Autonomous Vehicles (NAV) Laboratory of Concordia University. The system performance was tested in the presence of actuator faults. More precisely, three fault scenarios are considered: the partial effectiveness loss in the total thrust, the partial effectiveness loss in the 4 th rotor and the partial damage of the 4 th propeller. For the implementation of the MRAC, the total control input to the system is the sum of the baseline control input and the MRAC control input: u tot = u lqr + u adapt .
A. Partial loss in the total thrust u z
In the first fault scenario, a partial effectiveness loss is simulated in the total thrust u z by multiplying the control input signal sent to the system by a constant γ = 1 − δ < 1. Four values for δ are tested: Table 1 . The Root Mean Square (RMS) is calculated for the tracking error e z = z − r where z is the measured height and r is the reference height (which is set to 0.8 m). The RMS is determined for each experiment and for the time window [40 s, 50 s] where for a set of n values e z1 , e z2 , · · · , e zn the RMS is given by: In addition to the RMS, Table 1 shows the percentage of the tracking error reduction for each MRAC techniques with respect to the LQR. The largest reductions in tracking error are given in bold. It can be seen that the C-MRAC reduces up to 50% of the tracking error when compared to the LQR. The second fault scenario consists in injecting a fault in the 4 th rotor by multiplying its PWM input by a constant γ = 1 − δ < 1. Four values for δ are tested: δ = 0.2, 0.3, 0.4 and 0.5 which correspond to a loss of control effectiveness of 20, 30, 40 and 50% respectively. This sort of fault mainly affects the height and the y direction (see Figure 3) . As before, the fault is injected at t = 40 s and the experimental results corresponding to 50% loss of effectivess in the 4 th rotor are illustrated in Figure 6 . The quantitative comparison of the results above is summarized in Tables 2 and 3 for both y and z directions respectively for the time window [40 s, 50 s]. It can be noted that the MRAC improves in general the behavior of the system and that the C-MRAC is the best among the MRAC techniques. The C-MRAC allows to reduce the tracking error up to 37% in the y direction and 47% in the z direction. 
C. Partial damage of a propeller
In the third fault scenario, we test the performance of the system in the presence of a partial damage of the 4 th propeller. The left hand side photo of Figure 7 show the broken down propeller and the right hand side photo shows the used mechanism to eject the propeller tip. This type of faults is more realistic than the simulated faults given above. To accommodate a partial damage of the propeller, the controller tries to speed up the 4 th rotor so that to produce the same lift as for the fault-free case. Thus, the maximal speed that a rotor can reach is a critical factor that does not play a role in simulated faults. As before, the fault is injected at t = 40 s. It is clear that the C-MRAC reduces the effect of the fault on the performance of the system. This improvement is quantified in Table 4 where it can be seen that the C-MRAC highly reduces the tracking error. 
V. Conclusion
This paper shows the performance of MRAC in reducing the actuator fault effects on the Qball-X4 quadrotor UAV system when compared to a baseline LQR control scheme. The presented experimental results show that the MRAC is capable of rapidly reacting to faults without an a priori knowledge about the type, the amplitude or the location of the occurred fault. It can be noted that unlike simulated faults in the Qball-X4 physical system, the scenarios of partial damage of a propeller are more realistic since they stimulate the physical constraints of the system and more precisely the maximal speed that a rotor can reach. It is clear that, depending on actuator constraints, only a certain amplitude of actuator fault can be tolerated. Above this limit, system stability cannot be maintained whatever the employed FTC approach.
